The biomass market has experienced an increase in development, leading to research and development efforts that are focused on determining optimal biofuel combustion conditions. Biomass combustion is a complex process that involves divergent parameters and thus requires the use of advanced analysis methods. This study proposes combining grey relational analysis (GRA) and error propagation theory (EPT) to select a biofuel and its optimal combustion conditions. This research will study three biofuels that are currently used in a region of South Europe (Spain), and the most important variables that affect combustion are the ignition front propagation speed and the highest temperature that is reached at the fixed bed combustor. The results demonstrate that a combination of both theories for the analysis of solid-state thermochemical phenomena enables a fast and simple way of choosing the best configuration for each fuel.
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Introduction
Research and investments have been directed into renewable energies due to the growing renewable energy demand that is supported by state plans. Biomass has played a large role in these plans, mainly due to its CO 2 neutrality and high availability. Currently, biomass is, in absolute terms, Spain's most important renewable energy source, accounting for 30% of primary renewable energy production [1] . This trend extends to the whole European Union, and it is expected that the direct use of biomass in the residential sector will double by 2020 [2] .
Of the different thermochemical conversion techniques, combustion is the most extensively used and developed technique for the utilization of biomass [3] . Thus, to increase combustion development, the whole process needs to be optimized in terms of efficiency and cost. Because of this necessity, developing research has focused on three main aspects: the fuel properties, boiler characteristics, and emissions [4] [5] [6] [7] [8] [9] [10] .
An important issue that is related to the utilization of biomass as an energy resource is that biomass has a disperse origin. Due to this fact, and to reduce logistic costs, most operations occur in small-scale plants [11] . Of all the biomass low-output boiler combustion methods, fixed bed boilers are most desirable because of their simplicity, reduced costs, higher automation, and batch control, which, in turn, enable the feeding of heterogeneous biofuels [12] .
However, studies regarding the behavior and selection of biomass are important for biofuel combustion research. Numerous parameters influence the combustion process complexity, thus preventing the use of unique criteria for biofuel selection and constraining research to a reduced number of variables. The fundamental variables that have been identified for biofuel behavior analysis are the ignition mass flow (fuel burn rate) and the maximum bed temperature [13, 14] . Both of these variables depend on the supplied air mass flow rate to the bed. The analysis and quantification of each variable become difficult due to the inability to separate out the variables and parameters that affect combustion and to the presence of divergences among them.
Grey relational analysis (GRA) is an adequate tool for solving problems that comprise numerous interrelated parameters and variables [15] . The ability to apply this analysis to a set of limited data without the need for a minimum amount of data is an advantage over other methods [16] . Moreover, GRA enables the processing of variables with different attributes, scales, and units. Thus, this method is more versatile than other decision tools [17] . Another characteristic of GRA is the ability to work with variables that are optimized in opposite directions [18] . For the case that is explored here, the objective is to select a fuel that provides the highest mass flow with the lowest maximum temperature in order to avoid problems that are related to slag formation after ash smelting [19] .
However, GRA does not take into account the uncertainty that is associated with the initial measurement sequences and how this uncertainty propagates along the GRA calculation steps [20] . As in the case of The Joint Committee for Guides in Metrolog [21] , a measurement result is an estimation of the magnitude of a value and must be determined along with the uncertainty that is related to the measurement process.
This study proposes combining GRA and error propagation theory (EPT), based on a recommendation from [20] , to study three biomass fuels to estimate the optimal combustion parameters and to identify the main factors that affect the propagation speed and the maximum temperature that is reached by each fuel.
Experimental Section and Methodology

Experimental Plant
The experimental plant and data analysis that were used in this study are based on previous research results that were reported by [22] . The experimental plant design (Figures 1 and 2 ) was completed by taking into account the results of other studies that were performed on fixed bed combustion equipment. The experimental plant comprises two modules: the first module, called the working module, is located on the burner, and the second module, the feeding and control module, is located on the fan. Both structures are connected by an air duct, and a signal cable system joins the thermocouples to the data acquisition card. This configuration satisfies the need to perform the experiments outside without requiring the relocation of the feeding and control module. The experiments were performed outside because of the impracticality of conduct the tests in the facilities. As shown in Figure 1 , the burner is a cylindrical tube with 0.135 m in internal diameter and 0.007 m in thickness that is made of low-alloy steel. An axisymmetrical tube was used to attain both a simple geometry and minimize unexpected fringe effects on the walls of the tube. To avoid the surface effects that are due to the forced particle arrangement, the tube diameter is 20 times the size of the particles that will be tested. Based on experimental results, the estimated ignition front propagation speed and temperature as a function of the inlet air mass flow rate indicate that, for a medium-low calorific value and the selected tube diameter, a thermal power similar to that of a low-power domestic boiler can be attained [23] .
Because one of the purposes of the tube was to operate as a chimney by expelling the combustion gases, a total effective tube height of 1 m was chosen. To measure the ignition front propagation speed and the fixed bed temperature, a total of 12 type-K thermocouples (Ni-Cr/Ni-Al) were helicoidally positioned along the first 0.7 m of the tube length. Each thermocouple was inserted using a bulkhead connector.
The selection of type-K thermocouples was justified by two reasons. The first and main reason is the previous results that were provided by other authors, i.e., the maximum fixed bed temperature is approximately 1300 °C [14, 24, 25] ; because type-K thermocouples work up to 1372 °C, these thermocouples are suitable for the aforementioned application. The type-K thermocouples had 150 mm stems because the tips had to reach into the fixed bed as far as the cylinder axis to minimize fringe effects.
The ignition front propagation speed is determined by measuring the time that is needed to attain a predetermined temperature between two adjacent thermocouples. The distance between thermocouples is a known measurement and includes the associated uncertainty.
To protect a thermocouple from high temperatures, it is removed as soon as the ignition front surpasses the thermocouple level. Once the thermocouple is removed, it is replaced by a manual probe to measure the maximum temperature that is reached by the ignition front. The manual probe does not use the same transducer. Thus, the manual probe is limited not only by the maximum peak temperature of 1372 °C, but also by the maximum 1000 °C of the transducer.
The thermocouples were not lined up to avoid any possible interference inside the fixed bed. It should be noted that, although there are twelve thermocouples along the tube, not all of the measurements were used at the same time for a particular experiment. Data from the first and last thermocouple measurements are dismissed. In the case of the first measurements, this omission is related to the start-up of the initial phase, during which the system is in a non-steady state; in the case of the last measurements, this omission is related to the fact that the thermocouples are at the shutdown phase and are on the brink of developing resonance phenomena [23] .
The air feeding system comprises a centrifugal fan and a flow meter. The air mass flow penetrates through an opening on the fixed bed. The plant was designed with a feed bypass to avoid problems with recirculation and to ensure a completely developed turbulent flow at the tube entrance.
Ignition Front Propagation in a Fixed Bed
The combustor works as a batch reactor. During the experiment, the combustion is started by manual ignition at the top layer of the fuel, and the ignition propagation front advances downwards. Considering the air direction, the system is in a counter-current configuration [26] . In counter-current combustion models, the radiation (gas-particle and particle-particle) and heat-transfer (particle-particle) cause the ignition to propagate in the opposite direction of the air flow; however, convection complicates the propagation due to bed cooling [27] .
The fixed bed is stratified during the combustion process, enabling the identification of the phases that the solid fuel exhibits when it thermally degrades in the presence of oxygen ( Figure 3) .
A gas-char reaction phase occurs during the combustion of fixed carbon (the ignition zone). Most of the bed energy is generated in this layer. The heat that is produced by the combustion of volatiles and by fixed carbon oxidation propagates downwards through the bed due to gas-particle and particle-particle radiation and to particle-particle heat conduction [26] . The incoming cold air from the tube base cools the low-layer particles and absorbs heat in the upward direction, thus hampering heat transfer. The reaction phases depend on the bed layer temperature [9] . If the layer temperature lies between room temperature and 100 °C, the particles are considered to only release water (the drying phase). During the devolatilisation phase, which occurs between 100 °C and 500 °C, there is a thermal decomposition of the fuel, and maximum temperatures are reached in the ignition front [28] . Although there is no combustion during the drying and devolatilisation phases, the material changes as a result of the high temperature. Excess air is used as a parameter to indicate the amount of combusted fuel; therefore, this parameter is related to the ignition front propagation speed. In regions where there is a lack of air (the substoichiometric combustion zone), there is a complete separation of the three phases. In the case of excess air, the phases overlap, as shown in Figure 3 . It is difficult to distinguish the different thermochemical processes that the biomass undergoes.
Variable Selection
Generally, a high combustion efficiency is associated with a high calorific value. The highest calorific value of the fuel determines the ignition front speed (the ignition mass flow) [12] . However, high bed temperatures could lead to ash fusion, which, in turn, reduces the energy that is released in the bed [29] .
Experiments were conducted using a constant air flow at the bed base. Thus, the variables (the ignition mass flow rate and the maximum temperature) are functions not only of the fuel properties but also of the air mass flow rate, which is a controllable parameter during the combustion process.
It is worth noting that not all fuels tolerate the same air flow rate. This fact results in a lower number of experiments that can be conducted, thus diminishing the sample size. Thus, GRA is suitable because it is applied to diminished systems.
Fuels
In this study, three different types of biomass were studied, as shown in Figure 4 . 
Their properties are presented in Table 1 . The selected types of biomass are abundant and are easily available in Spain. Two of these materials were pellet fuels, a wood mixture and a mixture of energy crops. The third biomass fuel was utilized in its raw form [olive stone (os)]. 
Granulometry
The particles of the fuel materials that were studied, i.e., the solid processed fuels [brassica pellet (bp) and wood pellet (wp)] and the solid unprocessed fuel [olive stone (os)], ranged in size. The material behaviors differ with the heterogeneous geometries, as shown in Figure 5 . A Rosin-Rammler distribution was used to estimate the shape and size of the characteristic or equivalent particle [30] :
where:
µ characteristic mass of the distribution (kg); M T total mass of the distribution (kg); k form factor that was used to fit the distribution (-).
Dimensional information was obtained using a MATLAB image shape recognition system. To obtain this information, the particle image contrast was magnified and the geometries were identified using object classification with a Roslin-Rammler distribution function.
The characteristic particle should exclude 1/e of the accumulated total mass ( Y � ) from the following distribution:
λ characteristic length of the distribution (m).
Once the characteristic particle size of each fuel was determined, the equivalent radius and sphericity were calculated (Table 2):
S vol sphere volume (m 3 ).
V p volume of the characteristic particle (m 3 );
A p surface area of the characteristic particle (m 2 ). 
Grey Relational Grade Error (GRGe)
In the following, a procedure is developed to both calculate the GRA and to apply EPT to GRA.
GRA
The GRA calculation process can be summarised in the following four steps:
Step 1. Data normalisation:
• If the highest value is the optimal value (as in the case of the ignition mass flow rate variable):
• If the lowest value is the optimal value (as in the case of the maximum temperature variable):
where y i represents the variables as a function of the J factors.
The highest normalised values correspond to the best experimental variable values being equal to the ideal value of 1 [31] . The purpose of this step is to transform the input data into comparable sequences that are independent of the units or measurement scale in which they were recorded [32] .
Step 2. Grey relational coefficient (GRC):
The GRC expresses the relation between the best experimental result and the remainder of the experimental values for each variable [33] .
By applying Deng's equation, we obtain [34] :
where ζ is the distinguishing coefficient and ζ ∈ [0,1]. The role of the distinguishing coefficient is to expand or compress the range of the GRC [18] . Usually, ζ = 0.5 [35] . x i,0 is the ideal standardised result of the i-th variable such that x i,0 ≥ x i,j ; j = 1,…J.
Step 3. Grey relational grade (GRG):
The GRG is a measure of the GRC values for each variable [36] :
The GRG specifies the degree of similarity between the reference sequence (maximum or minimum) and the compared sequence [37] .
Step 4. Grey relational rank:
Once the GRGs are estimated, they are arranged in increasing order to form a GRG rank. The higher is the GRG, the better is the option.
GRGe
The uncertainty is a parameter that determines the extent to which the result of a measurement represents the real value of the measured quantity [38] . Thus, an experimental result would be incomplete if it is not accompanied by a quantitative and valid expression of its uncertainty. Moreover, after evaluating all of the error components and correcting the analysis, there will always be an uncertainty in the accuracy of the result [39] . Unfortunately, most of the experimental results in the field of biomass combustion are expressed without their associated uncertainties, leading to incomplete statements. Additionally, the experimental results on the biomass combustion on a fixed bed are particular in that the factors are interrelated. Thus, the uncertainty of the combined value is a function of the uncertainties of the constituent terms [39] .
To quantify the uncertainty during the experiments, each experimental point was obtained from several measurements [22] . The uncertainties that were related to the measurement processes have been estimated for the thermocouple positions and the data acquisition time. With regard to the type-K thermocouples, the precision with which the connectors were embedded inside the combustion tube was analysed, and an estimated mean position variability of 2.06 mm was obtained. The data acquisition system has a four-second uncertainty in the measurements (the sampling time). An accurate quantification of the uncertainty in the results is crucial for determining the error propagation in subsequent operations [40] .
Although the uncertainty parameter does not affect the calculation of the GRG, it does offer additional information that supports the selection of a particular option [20] . The application of EPT enables the quantification of the effects that input measurement uncertainties have on the operations they are involved with [20] .
The GRGe is calculated using the following equation [20] :
where σ(ξ i,j ) represents the uncertainty that is associated with ξ i,j , which is a function of the initial uncertainty error of the measurements, thus enabling the quantification of the propagation of the initial uncertainty in the sequence of GRA operations; ρ(ξ i,j , ξ k,j ) is the correlation coefficient between ξ i,j and ξ k,j . This equation for calculating the GRGe was estimated using EPT methodology.
Results and Discussion
To determine the performance of the fuel combustion process, GRA is applied to determine the optimal level conditions. The-larger-the-better case is desirable for the ignition mass flow, and the-smaller-the-better case is desirable for the maximum temperature. Table 3 summarizes the results of 16 sequences that were obtained from a combination of the ignition mass flow rate and the maximum temperature for a particular air flow rate. These sequences were distributed among the three analyzed fuels as a function of the air flow rates that each fuel can tolerate.
The grey relational grade enables the determination of the optimal combination of the experimental parameters for each fuel and an estimation of the influence of each parameter. However, if the uncertainty that is associated with the experimental measurements is not taken into account, the analysis of the grey relational grade variability could advise against selecting a particular combination. Thus, the uncertainty propagation was estimated using the GRGe equation that was given above. Once the GRG and GRGe are calculated for each data sequence, the results are plotted (Figures 6-8 , right-hand side). The order of the sequence that is shown in the GRG rank plots (right area of the plots) matches the one that was used to represent the effect of the air mass flow on the ignition mass flow and on the temperature in the ignition front (left area of the plots).
The figures show that, except for the wp (Figure 7) , the highest GRG values have associated GRGe values that are small enough to ensure that these GRG values generally correspond to the best options. In the case of the wp, GRG 2 has such a high GRGe value because the ignition mass flow for this sequence has an associated uncertainty of 9.14% for the ignition mass flow. This uncertainty propagates along all of the operation sequence, resulting in a GRGe value of 2.58 × 10 −1 , which represents 38.60% of the GRG 2 value. Figure 6 presents the effect of the air mass flow on the ignition mass flow for the bp. The behavior of the bp (Figure 6 ) serves as a generic model for the other fuels that are under consideration. Although the air flow rates and velocities differ, three combustion phases are distinguishable for all of the fuels as a function of the supplied air mass flow [41] . The first phase corresponds to a linear increase in the combusted mass flow (the oxygen-limited phase), followed by a quasi-constant speed zone (the reaction-limited phase), followed by the third and last quenching phase (the convective cooling phase). These three phases are not as clearly distinguishable in the other fuels because of the lower flow rates. A continuous slanted line divides this figure into two zones and represents the fuel stoichiometric line. The measurements that correspond to the left-hand side of this line belong to the sub-stoichiometric regime, while the measurements on the right involve an excess of air. The fact that the stoichiometric regime was estimated for the whole fuel and not for the char must be taken into account.
The tests that were performed with the bp exhibited the best combination of air flow, ignition mass flow, and maximum temperature; this combination is reached at the point of maximum ignition flow. The second best combination (GRG 1 ) is obtained with the smallest possible maximum temperature, which corresponds to the sequence that has the lowest air flow rate, 0.075 (kg m −2 s −1 ). As observed in Figure 6 , these two configurations clearly exhibit the best results. Taking the GRGe values into account, both options could be considered optimal. The excess air value in GRG 5 is very close to the stoichiometric value, which is related to the fact that such a point falls within the zone that corresponds to the reaction-limited mode, in which the ignition mass flow is a function of the rate of heat transfer into the fuel particles. Figure 6 . Air mass flow rate effect on the ignition mass flow rate and the front temperature of the brassica pellet (bp), and the GRG rank.
In the case of the wp (Figure 7 ), the best option is GRG 2 , which is the test with the highest ignition mass flow; however, the temperature does not correspond to the smallest maximum temperature value, which was the other purpose of this test. This result could be due to the relation that exists between the temperature that was reached in the fixed bed and the propagation speed. The higher is the reaction temperature, the higher is the combusted fuel mass flow, and vice versa [14] . There are two distinguishable zones in Figure 7 (GRG ranks), which differ as a function of the excess air; the first three combinations (the sub-stoichiometric zone) are clearly better than the last two. This result arises because all of the maximum rates are reached under fuel-rich conditions, and therefore, the optimal condition point varies as a function of the utilized fuel. The combination that is represented by GRG 2 is not recommended because of its high GRGe value. The configuration GRG 3 is more suitable, although it has a lower GRG value. A comparison of the GRG 2 and GRG 1 sequences shows that these sequences correspond to two distinct combustion regimes (see Figure 7) . GRG 2 is located in the reaction-limited phase, in which the ignition rate is limited by the fuel combustion rate. GRG 1 is located in the oxygen-limited phase, in which the propagation front is affected by the volatiles, which need to react with the char when the oxygen content is deficient. These sequences are the best two options due to the effect of the fuel properties on the fixed bed morphology. The small size of the wp particles cause the fixed bed to acquire a high porosity during the initial combustion phase (oxygen-limited mode). Thus, enhancing the air mass flow from the bed base to the higher layers at which combustion occurs. value of the three fuels that were tested. This fact indicates that there is a relation between the fuel moisture content and the maximum propagation speed that was reached. Thus, the os, which has the highest moisture content (13%), had the lowest maximum propagation speed. However, the os moisture content has no effect on the maximum temperature. Although the effect of the moisture content has been sufficiently verified [24, 29, 42] , the results warn against the generalization of such an effect on low moisture content fuels. Along the same line, several studies [43, 44] have found that an increase in the moisture content decreases the ignition front propagation speed due to the energy that is consumed by the evaporation process, although no drastic changes in the reached temperature were observed up to a moisture content of greater than 20%. A fact that should be highlighted is that, for every fuel, the best options correspond to conditions in the sub-stoichiometric zone, i.e., the excess air is below 1 (the combustion/gasification zone with small NO x formation). As expected, the worst options are related to conditions that have an excess air of above 1. The GRG rank shows two distinguishable zones (Figures 6 and 7 ) that are located in the upper section of the sub-stoichiometric regime because the maximum rates are reached under fuel-rich conditions. This fact indicates the adverse effect of convection in counter-current combustion fixed beds. The optimal condition will vary as a function of the type of fuel that is being analysed. Moreover, there is a broader range of stable operations in sub-stoichiometric regimes.
It was observed that the best combinations correspond to the conditions in which ̇− " is reached.
If a specific analysis is performed for each of the conditions that have a maximum ignition rate, the results indicate that this value decreases as it nears the stoichiometric condition, which is a consequence of the adverse effect of convection. The higher is the air requirement to reach the maximum, the higher is the heat that is lost by convection and the lower the rate and the energy that is supplied. By comparing the global rates (Table 3) , it can be seen that the maximum value is reached by the wp (0.069 kg m −2 s −1 ), which also have the broadest operating range when their combustion is conducted in a zone close to a 0.5 kg m −2 s −1 air mass flow. However, the os is the fuel that first reaches the extinction convection zone with an air flow of (0.352 kg m −2 s −1 ). There is a clear relation between the lower heating value (LHV) and the ignition front propagation speed. Thus, the best quality fuels (with higher LHV) reach higher ignition flow rate values [24] . Although the graphical representations of the maximum temperature and the ignition mass flow as a function of air flow (left area of plots) present information on the points that correspond to the best possible conditions, they do not take into account the individual and/or combined effect of the measured variable uncertainty. Thus, for the wp (Figure 7) , condition three could be considered the second best combination of values; however, the high GRGe value that corresponds to condition three invalidates this option. As expected, the selection of the optimal condition becomes more complex as more variables are taken into account; in this sense, GRA offers a simplification of the decision making when selecting the best combustion conditions. Moreover, the GRG and GRGe structured method avoids leaving the selection criteria to the observer, providing more valid results.
Conclusions
This study analyzed the behavior of three fuels in a counter-current fixed bed reactor, and the best combustion configuration was selected using a combination of EPT and GRA, while not considering combustions aspects.
The results showed that the fuel composition and the morphology, in terms of size, are determinant factors for reaching the maximum propagation rate of the ignition front. The maximum ignition mass flow values are reached by the wp, which is the fuel with the smallest particle size, resulting in a higher heat transfer between the different bed layers. On the contrary, the os exhibited the lowest maximum ignition mass flow rate because of its high water content. All of the fuel optimal combinations belong to the sub-stoichiometric regime, indicating the importance of the convection adverse effect on counter-current combustion fixed beds.
The distinction among the sub-stoichiometric regime and the excess air regime is shown by the GRG rank, in which two zones of value ranges can be observed. This phenomenon is a result of reaching the maximum rates under fuel-rich conditions. The point that corresponds to the optimal condition varies as a function of the analyzed fuel.
